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1. Introduction
Let C be a cyclic 2-group that acts ﬁxed-point-freely on some ﬁnite group K . (In other words,
CK (C) = 1.) In this situation, we are interested in what can be said about the degrees of certain
“almost C-invariant” irreducible characters of K , and we begin with some easy observations. First, the
C-orbits of nonidentity elements of K have nontrivial 2-power size, and thus |K | is odd, and it follows
that all irreducible character degrees of K are odd. Also, since |C | and |K | are coprime and C ﬁxes
no nonidentity element of K , it follows by Theorem 3.26 of [4] that C ﬁxes no nontrivial conjugacy
class of K , and thus by Brauer’s permutation lemma, K has no C-invariant nonprincipal irreducible
characters. (See Theorem 6.32 of [3].) The irreducible characters of K about which we obtain degree
information are those that are as close to being C-invariant as possible: they are stabilized by the
subgroup of index 2 in C .
Theorem A. Let C be a nontrivial cyclic 2-group, and let T ⊆ C be the subgroup of index 2. Suppose that C acts
ﬁxed-point-freely via automorphisms on a group K , and let θ ∈ Irr(K ) be T -invariant. Then the square-free
part of θ(1) is not divisible by any prime p such that p ≡ −1 mod |C |.
If |C | = 2, then K has a ﬁxed-point-free involutory automorphism, and so K is abelian. In this
case, the conclusion of the theorem is clear, and thus Theorem A has real content only when |C | 4.
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character of K involves no prime p ≡ 3 mod 4, and we show by example that every odd integer
whose square-free part is not divisible by any such prime actually is the degree of some T -invariant
irreducible character of a group K satisfying the hypotheses of the theorem. In other words, if |C | = 4
in Theorem A, the numbers that can arise as degrees of T -invariant irreducible characters of K are ex-
actly those odd integers that are sums of two squares. This number-theoretic interpretation, however,
seems to be only a coincidence.
We mention that the requirement in Theorem A that θ is T -invariant is essential. Examples show
that if |C | = 4, then without this assumption, θ(1) can be an arbitrary odd positive integer. It follows
from this that the same conclusion holds even if |C | > 4. (This can be seen by considering nonfaithful
actions.)
Initially, I was interested in the situation of Theorem A only when |C | = 4 since I needed that case
to answer a question posed by Haibo Ruan. Ruan asked about solvable groups G with the property
that there is a subgroup N ⊆ G such that
(1) |G : N| = 2,
(2) all elements of G − N have order 4, and
(3) the squares of the elements of G − N lie in a single conjugacy class of N .
(Note that if C and K are as in Theorem A and |C | = 4, then the semidirect product G = KC satisﬁes
these conditions.) After looking at a number of groups satisfying her conditions, Ruan conjectured
that such a group could not have an irreducible character of degree 6, and she asked me if that was
true in general. As we shall see, it is.
Before stating our results concerning this and other questions of Ruan, it is convenient to establish
some notation. We will say that a group G is an (R)-group with respect to the subgroup N of index 2
if g4 = 1 for all elements g ∈ G −N . (Note that we have relaxed Ruan’s condition slightly since we are
not assuming that all elements of G−N actually have order 4.) If G is an (R)-group with respect to N ,
we refer to the set S = {g2 | g ∈ G − N} as the corresponding squareset. The squareset S is clearly
a union of conjugacy classes of N , and we shall be interested in the number of classes into which
S decomposes. Note that in this context, it is irrelevant whether we speak of G-classes or N-classes
since if s ∈ S , then G = NCG(s), and hence the class of s in N is its full G-class.
The following result establishes Ruan’s conjecture about characters of degree 6.
Theorem B. Let G be a solvable (R)-group in which all elements of the squareset S are conjugate. Then G has a
normal 2-complement, and if χ ∈ Irr(G) has degree 2m, where m is odd, then the square-free part of m is not
divisible by any prime p ≡ 3 mod 4.
In particular, 2m = 6, answering Ruan’s question. Ruan was also interested in the case where the
squareset is a union of two classes. It turns out that in this situation, G actually can have an irre-
ducible character of degree 6, but what Ruan really wanted to know was whether or not G can have
an irreducible character of degree 6 that is induced from a real-valued irreducible character of N . The
following shows that Ruan’s intuition was correct: that cannot happen.
Theorem C. Let G be a solvable (R)-group with respect to N, and suppose that the squareset S is a union of
at most three classes of G. Let R = O2′ (N) and let E/R = O2(N/R). Then E has index at most 3 in N. Also, if
θ ∈ Irr(N) is real valued and nonlinear of odd degree m, then m = 3 and θ is invariant in G.
We shall see that an (R)-group in which the squareset consists of two classes can have a real-
valued irreducible character χ = θG of degree 6, where θ ∈ Irr(N). By Theorem C, however, θ cannot
be real valued.
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We begin by recalling that if a ﬁnite group N has an automorphism that inverts each of its el-
ements, then N must be abelian. This observation has two well-known consequences that we shall
need. First, if N has an involutory ﬁxed-point-free automorphism σ , then σ acts to invert the ele-
ments of N , and hence N is abelian. Also, if N is a subgroup of index 2 in some group G , and all
elements of G − N have order 2, then conjugation by an element of G − N inverts the elements of N ,
and so in this situation too, N is abelian.
Next, we present a few results (not involving characters) that apply when a cyclic 2-group acts
ﬁxed-point-freely and faithfully on a group K . We begin with a technical, and presumably known
result.
(2.1) Lemma. Let p be a prime such that p ≡ −1 mod 2n, where n > 1. Then every element of order 2n in
GL(2, p) actually lies in SL(2, p).
Proof. Let M be a 2 × 2 invertible matrix over the ﬁeld F of order p, and suppose that the multi-
plicative order of M is 2n . Since the characteristic of F does not divide 2n , the eigenvalues of M are
primitive 2n roots of unity. By assumption, 2n divides p + 1, and since n > 1, it follows that 2n does
not divide p − 1, and so the eigenvalues of M do not lie in F . We conclude that the characteristic
polynomial of M is irreducible over F , and since this polynomial has degree 2, the eigenvalues of M
lie in the ﬁeld E of order p2, and they are transitively permuted by the Galois group of E over F .
This group, however, contains just one nonidentity element: the map α → αp . If  is one of the two
eigenvalues of M , therefore, the other eigenvalue must be p , and thus det(M) = p+1 = 1, where the
second equality holds because 2n divides p + 1 and  is a 2n root of unity. 
(2.2) Lemma. Let C be a cyclic 2-group that acts faithfully and ﬁxed-point-freely on a p-group K , where
p ≡ ±1 mod |C |. Then there is an abelian C-invariant subgroup of K on which C acts faithfully.
For the proof of Theorem A, we shall need only the case p ≡ −1 mod |C | in Lemma 2.2, but the
(easier) case where p ≡ 1 mod |C | will be used for Theorems B and C.
Proof of Lemma 2.2. We can certainly assume that |C | > 2 since otherwise K is abelian and there
is nothing to prove. Also, we can suppose that C does not act faithfully on any proper C-invariant
subgroup of K , and we complete the proof by showing that K must be abelian.
Let U be the subgroup of order 2 in C . Then CK (U ) < K because C acts faithfully on K , but since
the action of C on each proper C-invariant subgroup is nonfaithful, we see that CK (U ) contains every
proper C-invariant subgroup of K . Since |U | and |K | are coprime, it follows by Lemma 4.29 of [4] that
[K ,U ,U ] = [K ,U ] > 1, and thus [K ,U ] is not centralized by U . But [K ,U ] is C-invariant, so it cannot
be proper, and thus [K ,U ] = K . Then [(K/K ′),U ] = K/K ′ , and since K/K ′ is abelian, it follows by
Fitting’s lemma that U acts ﬁxed-point-freely on K/K ′ . (See Theorem 4.34 of [4].)
There can thus be no C-invariant subgroup X such that K ′ < X < K , and we conclude that K/K ′
is elementary abelian, and that the action of C on K/K ′ is irreducible and faithful. Since C is cyclic,
it follows that |K : K ′| = pe , where e is the smallest positive integer such that |C | divides pe − 1. If
p ≡ 1 mod |C |, we have e = 1, and thus |K : K ′| = p. Then |K | = p, and there is nothing further to
prove in this case. We assume, therefore, that p ≡ −1 mod |C |, and thus |C | divides p+1. Since |C | is
a power of 2 exceeding 2, it follows that |C | does not divide p − 1, and hence e = 2 and |K/K ′| = p2.
Let x ∈ K − K ′ , and note that 〈K ′, x〉 cannot be C-invariant. Then xs /∈ 〈K ′, x〉, where s is a generator
of C , and we have K = 〈K ′, x, y〉, where we have written y = xs . We conclude that K = 〈x, y〉, and
thus it suﬃces to show that [x, y] = 1.
We argue next K ′ ⊆ Z(K ). To see this, observe that K ′ < K and K ′ is C-invariant, so [K ′,U ] = 1.
Then [K ′,U , K ] = 1, and also [K , K ′,U ] ⊆ [K ′,U ] = 1. By the three-subgroups lemma, we have
[K , K ′] = [U , K , K ′] = 1, as wanted.
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It follows that
[x, y]s = [vxa yb,wxc yd]= [xa yb, xc yd]= [xa, yd][yb, xc]= [x, y]ad−bc,
where the last two equalities follow because commutators in K are central, and thus when commu-
tation is viewed as a map from K × K to K ′ , it is a homomorphism in each of the two variables.
By Lemma 2.1, the linear transformation induced by s on K/K ′ has determinant 1, and it follows
that ad − bc ≡ 1 mod p. If [x, y] = 1, let z be an element of order p in the cyclic group 〈[x, y]〉, and
observe that zs = zad−bc = z. This is a contradiction since C = 〈s〉 acts ﬁxed-point-freely on K , and it
follows that [x, y] = 1, and thus K is abelian, as required. 
(2.3) Corollary. Let C be a nontrivial cyclic 2-group, and assume that C acts faithfully and ﬁxed-point-freely
on a p-group K , where p ≡ ±1 mod |C |. Then there is a nontrivial C-invariant subgroup Y ⊆ K such that the
semidirect product Y C is a Frobenius group with kernel Y and complement C .
Proof. By Lemma 2.2, there exists an abelian C-invariant subgroup A ⊆ K such that C acts faithfully
on A, and we let Y = [A,U ], where U is the subgroup of order 2 in C . Since the action of C on A
is faithful and U is nontrivial, Y > 1, and clearly, Y is C-invariant. Also, since A is abelian, Fitting’s
lemma yields [A,U ] ∩ CA(U ) = 1, and thus CY (U ) = 1, and it follows that the action of C on Y is
Frobenius, and thus Y C is a Frobenius group, as desired. .
The following is fairly standard, but since it plays an important role in what follows and it is easy
to prove, we present a proof here.
(2.4) Lemma. Let F = Y C be a Frobenius group, where Y and C are respectively the Frobenius kernel and
a Frobenius complement for F . Suppose that F acts on an abelian group A, where CA(Y ) = 1, and assume that
some element a ∈ A has order not dividing |Y |. Then there exists an element b ∈ A such that∏x∈C bx = 1, and
in particular, CA(C) > 1.
Note that the assumed existence of the element a ∈ A with order not dividing |Y | is automatic if
A is nontrivial and has order coprime to |Y |.
Proof of Lemma 2.4. For subgroups X ⊆ F and elements t ∈ A, write
t X =
∏
x∈X
tx,
and observe that t X ∈ A is unambiguously deﬁned since A is abelian. Note also that t X ∈ CA(X), and
since we are assuming that CA(Y ) = 1, it follows that tY = 1 = t F for all t ∈ A.
Let K be the set of all conjugates of C in F , and note that |K| = |Y |. Since F is the disjoint union
of Y and the members of K, it follows that
aY
∏
H∈K
aH = a|Y |aF ,
where the factor a|Y | on the right is needed because on the left, the factor a1 is counted a total of
|K| + 1 = |Y | + 1 times, but a1 appears only once in aF . Since aF = 1 = aY and a|Y | = 1, it follows
that aH = 1 for some member H ∈K. Now C = H y for some element y ∈ Y , and we write b = ay ∈ A.
Then 1 = (aH )y = (ay)H y = bC , and since bC ∈ CA(C), the proof is complete. 
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K has an abelian normal p-complement R, where p is a prime such that p ≡ −1 mod |C |. Assume that the
action of K/R on R is faithful. Then the action of C on K/R is not faithful.
Proof. Supposing that the action of C on K/R is faithful, we work in the semidirect product KC
to obtain a contradiction. The action of C on K/R is ﬁxed-point-free because its action on K is
ﬁxed-point-free and |C | is coprime to |K |. (See Corollary 3.28 of [4].) By Corollary 2.3, there exists
a nontrivial subgroup Y /R of K/R such that Y /R admits the action of C and Y C/R is a Frobenius
group with kernel Y /R and complement C R/R . Now Y /R acts nontrivially on R since the action of
K/R on R is faithful. Then S = [R, Y ] is nontrivial, and it admits the action of Y C . Also, since R is
abelian and |Y /R| is coprime to |R|, it follows by Fitting’s lemma that the action of Y /R on S is
ﬁxed-point-free. Since S is nontrivial and has order coprime to |Y /R|, it follows by Lemma 2.4 that
C R/R has a nonidentity ﬁxed point in S . This a contradiction, however, since C acts ﬁxed-point-freely
on K . 
Next, we establish a character-theoretic result concerning coprime actions on an odd-order group,
but for this theorem, there is no need to assume that the group that is acting is a 2-group. We begin
by recalling some basic facts about characters and coprime actions.
Let V act coprimely on G and let N  G be V -invariant. If χ ∈ Irr(G) is V -invariant, then some
irreducible constituent of χN is V -invariant. This is a consequence of Glauberman’s lemma, which
appears as Lemma 13.8 of [3]. (Also, see Theorem 13.27 of [3].) Once we know that some irreducible
constituent of χN is V -invariant, it follows easily that if V acts trivially on G/N , then all irreducible
constituents of χN are V -invariant.
We also need to go from N to G . Assuming that V , G and N are as above, suppose that θ ∈ Irr(N)
is V -invariant. It is true in this case that some irreducible constituent of θG is V -invariant. We need
this only in the case where G/N is abelian, however, and in that case, the proof is much easier, and
the result follows from Glauberman’s lemma. (See Theorem 13.8 of [3].) Finally, in the case where
G/N is abelian and V acts ﬁxed-point-freely on G/N , we need the fact that θG has a unique V -
invariant irreducible constituent. This follows from the second part of Glauberman’s lemma, which
appears as Corollary 13.9 of [3].
(2.6) Theorem. Let V  T , where T acts via automorphisms on an odd-order group G and (|T |, |G|) = 1.
Suppose that χ ∈ Irr(G) and N  G are T -invariant, and let H/N = CG/N (V ). Then there is a T -invariant
irreducible constituent ψ of χH such that χ(1)/ψ(1) is an integer dividing |G : H|.
We mention that if χ ∈ Irr(G), where G is an arbitrary odd-order group, and if H ⊆ G is any
subgroup, it is always true that χH has an irreducible constituent ψ such that χ(1)/ψ(1) is an integer.
(See [2].) It is not generally true, however, that ψ can be chosen so that the integer χ(1)/ψ(1) divides
|G : H|.
Proof of Theorem 2.6. We begin by observing that H is T -invariant since N is T -invariant and V  T .
It is thus meaningful to consider T -invariant irreducible constituents of χH .
Suppose that N ⊆ K  G , where K is T -invariant. Since |V | is coprime to G/N , it follows by
Corollary 3.28 of [4] that under the natural map from G/N to G/K , the ﬁxed-point subgroup
H/N = CG/N(V ) maps onto CG/K (V ), and thus CG/K (V ) = HK/K .
Since H is T -invariant, so too is coreG(H), and since coreG(H) ⊇ N , we can take K = coreG(H) in
the previous paragraph, and we deduce that H/K = CG/K (V ). We can thus replace N by K , and so
we can assume that N = coreG(H).
We can assume that N < G , and we proceed by induction on |G : N|. Let K  G , where K/N is a
chief factor of the semidirect product GT , and note that K/N is abelian since G has odd order and
hence is solvable. Since HK/K = CG/K (V ), it follows by the inductive hypothesis applied to K G that
there exists a T -invariant irreducible constituent ξ of χHK such that χ(1)/ξ(1) is an integer divisor
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irreducible constituent ψ of ξH such that ξ(1)/ψ(1) is an integer divisor of |HK : H|. Then
χ(1)
ψ(1)
= χ(1)
ξ(1)
ξ(1)
ψ(1)
is an integer divisor of |G : HK ||HK : H| = |G : H|, and there is nothing further to prove in this case.
We can now assume that HK = G , so it follows that H ∩ K = N . Since N and χ are T -invariant
and |T | is coprime to |G/N|, we can select a T -invariant irreducible constituent θ of χN , and we write
I = Gθ , the stabilizer of θ in G . Let η ∈ Irr(I) be the Clifford correspondent of χ with respect to θ , so
that ηG = χ and ηN is a multiple of θ . Since χ and θ are T -invariant and they uniquely determine I
and η, it follows that I and η are T -invariant.
Suppose that I < G and let J = I∩H . Writing G = G/N and using the standard overbar convention,
we have J = H ∩ I = CI (V ). Since |V | is coprime to |I|, we have I = J [I, V ]. Now V acts trivially on
HK/K = G/K , and thus [G, V ] ⊆ K and we have [G, V ] ⊆ K . Then [I, V ] ⊆ K ∩ I , and it follows that
I = J (K ∩ I). Also, J intersects K trivially, and thus
|I : J | = |I : J | = |K ∩ I| = |K ||K : K ∩ I| =
|G : H|
|K : K ∩ I| ,
and hence |G : H|/|I : J | = |K : K ∩ I| is an integer.
We can apply the inductive hypothesis to N  I to obtain a T -invariant character ξ ∈ Irr( J ) such
that η(1)/ξ(1) is an integer divisor of |I : J |. Since J is the stabilizer of θ in H and ξ ∈ Irr( J ) lies
over θ , it follows that ξ H is irreducible. Setting ξ H = ψ , we observe that ψ is T -invariant. Also, η is a
constituent of ξ I , and thus χ = ηG is a constituent of ξG = ψG , and it follows that ψ is a constituent
of χH .
Since η(1)/ξ(1) is an integer, we see that
χ(1)
ψ(1)
= |G : I|η(1)|H : J |ξ(1) =
|G : H|
|I : J |
η(1)
ξ(1)
is an integer. Also,
|G : H|
χ(1)/ψ(1)
= |I : J |
η(1)/ψ(1)
is an integer, as wanted.
We can assume now that I = G , so that θ is invariant in G , and hence θ is also invariant in GT .
Since K/N is an abelian chief factor of GT , there are two possibilities: either θ extends to K or θ is
fully ramiﬁed with respect to K/N . (See Problem 6.12 of [3].)
Suppose ﬁrst that θ extends to K , and observe that in this case, all of the irreducible characters
of K that lie over θ are extensions of θ . Also, since K ∩H = N , it follows that V acts ﬁxed-point-freely
on K/N , and we conclude that exactly one of the extensions of θ to K is V -invariant, and we call
this character ϕ . Now all irreducible constituents of χK lie over θ , and since χ is V -invariant and V
acts trivially on G/K , all of these constituents are V -invariant. It follows that χK is a multiple of ϕ ,
and since ϕN is irreducible, it follows that χH is irreducible. (See Lemma 10.5 of [1].) In this case, we
take ψ = χH , and there is nothing further to prove.
Finally, suppose that θ is fully ramiﬁed with respect to K/N , and let ϕ be the unique irreducible
character of K that lies over θ , so that ϕN = eθ , where e2 = |K : N|. Since N = coreG(H), it follows
that all complements to K/N in G/N are conjugate to H/N , and so we can apply Theorem 9.1 of [1],
with H in the role of the subgroup U of that result. Then there is a bijection from the set Irr(G|ϕ)
onto Irr(H|θ) such that if ξ → η, then ξ(1) = eη(1). Also, since |K : N| is odd, we know that if ξ → η,
then η is the unique irreducible constituent of ξH having odd multiplicity. In particular, if we take ψ
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that ψ is T -invariant, and we have χ(1)/ψ(1) = e, where e is an integer dividing |K : N| = |G : H|.
This completes the proof. 
3. Character degrees and actions of 2-groups
We can now prove Theorem A. Recall that we are assuming that C is a cyclic 2-group that acts
ﬁxed-point-freely on a group K , and that θ ∈ Irr(K ) is T -invariant, where T is the subgroup of index 2
in C . Our goal is to show that the square-free part of θ(1) is not divisible by any prime p ≡ −1
mod |C |.
Proof of Theorem A. First, observe that we can assume that C acts faithfully on K since otherwise,
we could replace C by C/CC (K ). Suppose that the result is false, and assume that K has the smallest
possible order yielding a counterexample. Let θ ∈ Irr(K ) be T -invariant, and suppose that p ≡ −1
mod |C | is a prime divisor of the square-free part of θ(1). We work to obtain a contradiction.
Two consequences of the minimality of |K | that we will use are as follows. First, if H < K is
a C-invariant subgroup, then T permutes the irreducible constituents of θH , and since θ(1) is odd,
it follows that some irreducible constituent ϕ of θH is T -invariant. We conclude by the minimality
of |H| that p does not divide the square-free part of ϕ(1). Also, if M  K , where M is C-invariant.
Then C acts on K/M , and CK/M(C) = CK (C)M/M is trivial. If M ⊆ ker(θ), then θ can be viewed as an
irreducible character of K/M , and it follows by the minimality of |K | that M = 1.
Assume ﬁrst that K is not a p-group for the prime p selected in the ﬁrst paragraph of the proof.
Then there exists a subgroup N  K such that N is C-invariant and K/N is not a p-group, and we
choose N to be maximal subject to these conditions. Then N < K , and we choose R such that N <
R ⊆ K and R/N is a chief factor of KC . By the choice of N , it follows that K/R is a p-group, and
since K is solvable by the odd-order theorem, R/N is an abelian r-group for some prime r = p. Also,
R/N = Op′ (K/N) and Op(K/N) = 1, and so by the Hall–Higman Lemma 1.2.3, we conclude that K/R
acts faithfully on R/N .
Now θN has a T -invariant irreducible constituent ϕ , and since N < K , we know that p does not
divide the square-free part of ϕ(1). Also, θ(1)/ϕ(1) is an integer because N  K , and it follows that
this integer must be divisible by p. Furthermore, θ(1)/ϕ(1) divides |K : N|, and thus p divides |K : N|,
and we deduce that R < K .
Let U = CC (K/N) and V = CC (K/R). Then of course, U ⊆ V , and it follows by Lemma 2.5 that
U < V . Also, V < C since R < K and C acts ﬁxed-point-freely on K/R , and thus V ⊆ T .
Let P/N be a C-invariant Sylow p-subgroup of K/N , and note that [P , V ] ⊆ P ∩ R = N , and so V
acts trivially on P/N . Let Q /N = CK/N (V ), and note that Q is C-invariant. Also P ⊆ Q < K , where
the second containment is strict because V acts nontrivially on K/N since V > U . Then R  Q , and
so N ⊆ Q ∩ R < R and Q ∩ R is C-invariant. Since R/N is abelian, we see that Q ∩ R  Q R = K , and
because R/N is a KC-chief factor, we deduce that Q ∩ R = N , and thus Q = P and P/N = CK/N (V ).
We can now apply Theorem 2.6 to deduce that θP has a T -invariant irreducible constituent ϕ such
that θ(1)/ϕ(1) is an integer divisor of |G : P |, which is a p′-number. It follows that θ(1) and ϕ(1)
have the same p-part, and this is a contradiction.
It follows that K is a p-group, and we let Z = Z(K ). Write λ to denote the unique linear con-
stituent of θZ , and observe that λ is T -invariant. Since λ is linear, we have [Z , T ] ⊆ ker(λ) ⊆ ker(θ).
Also, [Z , T ] K because [Z , T ] ⊆ Z = Z(K ), and since [Z , T ] is C-invariant, it follows by the minimality
of |K | that [Z , T ] = 1. (See the remark in the second paragraph of the proof.)
Since T acts trivially on the C-invariant subgroup Z , it follows that a generator c of C induces an
involutory ﬁxed-point-free automorphism of Z . Then c acts to invert the elements of Z , and so every
subgroup of Z is C-invariant. The subgroups of Z , of course, are also normal in K since Z is central.
Then ker(θ) ∩ Z is a C-invariant normal subgroup of K contained in ker(θ), and thus ker(θ) ∩ Z = 1.
But K is a p-group and ker(θ)  K , and we deduce that ker(θ) = 1, so θ is faithful.
Note that K is nonabelian since θ ∈ Irr(K ) is nonlinear. Then Z < K , and we write Y /Z = Z(K/Z),
so Z < Y and Y is C-invariant. We argue next that there exists a C-invariant abelian subgroup A
such that Z < A ⊆ Y . Since [Y , K , K ] ⊆ [Z , K ] = 1, it follows by the three-subgroups lemma that K ′
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take A = Y ∩ Z K ′ except when Y ∩ Z K ′ = Z , or equivalently (Z K ′/Z) ∩ (Y /Z) = 1. But Y /Z is the
center of the p-group K/Z , so it can intersect the normal subgroup Z K ′/Z trivially only if Z K ′/Z
is trivial, in which case K ′ ⊆ Z . To establish the existence of the desired subgroup A, therefore, we
can assume that K/Z is abelian, and thus Y = K , and we must ﬁnd a noncentral abelian C-invariant
subgroup of K containing Z .
Since C acts faithfully on the p-group K , it follows by Lemma 2.2 that there exists a C-invariant
abelian subgroup B ⊆ K such that C acts faithfully on B . Since T centralizes Z , we see that B  Z ,
and thus Z B is abelian and C-invariant, and it properly contains Z . This establishes the existence of
the desired subgroup A in all cases.
Now A  K since A/Z ⊆ Y /Z = Z(K/Z). Choose a linear constituent μ of θA , and observe that
μZ = λ. Also, since A is noncentral and θ is faithful, μ is not invariant in K , and hence the stabilizer S
of μ in K is a proper subgroup of K .
We show next that S is C-invariant. To see this, recall that a generator c for C acts to invert
the elements of Z , and thus λc = λ. Since A is C-invariant, it follows that μc is an extension of λ
to A, and also, of course, μ is an extension of λ to A. We conclude by Gallagher’s theorem (see
Corollary 6.17 of [3]) that μc = μν for some linear character ν of A/Z . Also, ν is K -invariant since
A/Z ⊆ Y /Z = Z(K/Z), and thus since S is the stabilizer in K of μ, it follows that S is also the
stabilizer of μν = μc . It follows that S = Sc , and thus S is C-invariant, as wanted.
Next, we argue that CK (T ) ⊆ S . Writing W = CK (T ) for notational convenience, we observe that
it suﬃces to show that W centralizes A since then W will certainly stabilize μ. Note that W is
C-invariant, and since T acts trivially on W , a generator of C induces an involutory ﬁxed-point-free
automorphism of W . Then W is abelian, and hence W centralizes W ∩ A. Since A = [A, T ]CA(T ) =
[A, T ](W ∩ A), it follows that in order to show that W centralizes A, it suﬃces to show that W cen-
tralizes [A, T ]. We have [T ,W , A] = 1 since W = CK (T ). Also, [W , A] ⊆ Z because A/Z ⊆ Z(K/Z), and
since we saw previously that T centralizes Z , we have [W , A, T ] = 1. It follows that [A, T ,W ] = 1,
and hence W centralizes [A, T ], and thus W centralizes A, and we have CK (T ) = W ⊆ S , as wanted.
Since S is C-invariant and proper in K , we can choose a C-invariant subgroup H with S ⊆ H < K ,
where H is maximal with this property. Then NK (H) > H and NK (H) is C-invariant, and it follows
that NK (H) = K , and thus H  K . Also C acts irreducibly on K/H , and T acts nontrivially since
CK (T ) ⊆ S ⊆ H . (Again, we are appealing to Corollary 3.28 of [4].) The kernel of the action of C
on K/H is thus properly contained in T , and so C induces a group of automorphisms of K/H of
order at least 4.
Since p ≡ −1 mod 4, we see that 4 does not divide p − 1, and thus the p-group K/H has order
exceeding p. On the other hand, |C | divides p2 −1, and we conclude that |K/H| = p2. Because S ⊆ H ,
it follows by the Clifford correspondence that at least one of the irreducible constituents of θH induces
to K to yield θ , and since H  K , the same is true about all irreducible constituents of θH . Since θH has
some T -invariant irreducible constituent ψ , we have θ = ψ K and θ(1) = p2ψ(1). But H < K and H is
C-invariant, and thus p does not divide the square-free part of ψ(1). It follows that the square-free
part of θ(1) is also not divisible by p, and this is our ﬁnal contradiction. 
4. (R)-groups
Recall that we say that a group G is an (R)-group with respect to the subgroup N of index 2 if
g4 = 1 for all g ∈ G − N . Also, the squareset of the (R)-group G is S = {g2 | g ∈ G − N}. Clearly, S ⊆ N ,
and S is a union of conjugacy classes of N .
We begin with a strong form of Corollary 2.3 in the case where the cyclic 2-group C has order 4.
(4.1) Lemma. Let C be cyclic of order 4, and assume that C acts ﬁxed-point-freely and faithfully on a group
K . Then there is a nontrivial C-invariant subgroup Y ⊆ K such that the semidirect product CY is a Frobenius
group with kernel Y and complement C .
Proof. Reasoning as in the proof of Corollary 2.3, it suﬃces to ﬁnd an abelian C-invariant subgroup A
of K on which C acts faithfully, and then to take Y = [A,U ], where U is the subgroup of order 2
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U acts trivially on every proper C-invariant subgroup of K , and then to prove that K is abelian.
Since the action of C on K is faithful, we have CK (U ) < K , and we choose a prime p dividing
|K : CK (U )| and a C-invariant Sylow p-subgroup P of K . Then P  CK (U ), and thus P = K and K is a
p-group. Also, since |C | = 4, we have p ≡ ±1 mod C , and the result follows by Lemma 2.2. 
The following is well known.
(4.2) Lemma. Let C = 〈g〉 be a cyclic group that acts on an abelian group A. Then [A,C] = {[a, g] | a ∈ A}
and |[A,C]||CA(g)| = |A|.
Proof. Since A is abelian, the map a → [a, g] is an endomorphism of A with kernel equal to CA(g).
The image I of this map is thus a subgroup, and we have |I||CA(g)| = |A|. To complete the proof,
therefore, it suﬃces to show that I = [A,C]. Now, I ⊆ [A,C] and I is C-invariant, and so it suﬃces to
show that C acts trivially on A/I . Thus is clear, however, because C = 〈g〉 and ag ∈ Ia for all a ∈ A. 
(4.3) Theorem. Suppose that G is a solvable (R)-group with respect to N. Let S be the squareset, and assume
that S is the union of exactly n conjugacy classes of N. Write R = O2′ (N) and E/R = O2(N/R), and let F/R =
Φ(E/R), the Frattini subgroup. The following then hold.
(a) S ⊆ E.
(b) N/E is abelian of odd order.
(c) If n = 1, then E = N.
(d) If n 3 and E < N, then |N : E| = 3 and N/F = A/F × V /F , where A/F is isomorphic to the alternating
group A4 and V /F is an elementary abelian 2-group that is central in G/F .
Proof. Observe that G/F is an (R)-group with respect to N/F , and the corresponding squareset is the
image of S in G/F , and it consists of at most n classes of N/F . Also, by standard arguments, O2′ (N/F )
is trivial and E/F = O2(N/F ). Speciﬁcally, this depends the Hall–Higman Lemma 1.2.3 together with
the fact that a coprime action on some group X must be trivial if is trivial on the Frattini factor group
of X . (This is Corollary 3.29 of [4].)
We can thus replace G by G/F , and so it is no loss to assume that E is an elementary abelian
2-group and E = CN (E). If E = N , there is nothing to prove, so we suppose that E < N , and we let
K/E = O2′ (N/E). By the Hall–Higman Lemma, we have CN (K/E) ⊆ K , and in particular, K > E .
To prove (a), suppose that S  E . Then there exists g ∈ G − N such that g2 /∈ E . In particular,
g2 = 1, so g has order 4, and we let C = 〈g〉 and T = 〈g2〉. Now T acts nontrivially on K/E since
otherwise, T ⊆ K , and thus since |K : E| is odd, we would have T ⊆ E , which is not the case. Thus C
acts faithfully on K/E , and we argue that this action is ﬁxed-point-free. Otherwise g centralizes some
nonidentity element k in K = K/E , and since k has nontrivial odd order, the image of gk in G/E does
not have 2-power order. But gk ∈ G − N , and so (gk)4 = 1, and this is a contradiction.
Since C is cyclic of order 4 and C acts faithfully and ﬁxed-point-freely on K/E , it follows by
Lemma 4.1 that there is some nontrivial subgroup Y /E of K/E such that Y C/E is a Frobenius group
with kernel Y /E and complement C E/E . Also, Y C/E acts on E since E is abelian.
The action of Y /E on E is nontrivial since E = CN (E) and Y > E . Then [E, Y ] > 1, and we write
D = [E, Y ]. Since Y /E has odd order and E is an abelian 2-group, Fitting’s lemma yields CD(Y /E) = 1.
Also, since C normalizes Y , it follows that C normalizes [Y , E] = D , and thus the Frobenius group
Y C/E acts on D in such a way that the action of the Frobenius kernel Y /E is ﬁxed-point-free. Since
D is a nontrivial 2-group and Y /E has odd order, it follows by Lemma 2.4 that there is an element
d ∈ D such that 1 =∏x∈C dx . Now gd ∈ G − N , and thus
1 = (gd)4 = g4(dg3dg2dgd)=∏
x∈C
dx,
where the ﬁnal equality holds because g4 = 1. This is a contradiction, and the proof of (a) is complete.
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the elements of G − N act to invert the elements of N/E . Since E = O2(N) and N/E is abelian, we
see that N/E has odd order, and this establishes (b). Also, all subgroups of N/E are normalized by G
since N/E is abelian and the elements of G − N act by inversion.
Applying Fitting’s lemma to the action of N/E on E , we write E = U × V , where U = [E,N] and
V = CE (N), and we observe that U and V are normal in G and V ⊆ Z(N). Also, U > 1 because N/E
is nontrivial and acts faithfully on E . Let X be a 2-complement in N , and note that X is abelian. Also
N = E X , and we have U = [E, X] and V = CE (X).
By the Frattini argument, G = NNG(X), and thus there exists an element g ∈ G − N such that g
normalizes X , and as before, we write C = 〈g〉 and T = 〈g2〉. Also CX (C) = 1 since if x ∈ X is nontrivial
and centralized by g , then gx would not have 2-power order. Since X is abelian and CX (C) = 1,
Fitting’s lemma yields that [X,C] = X . Now g2 ∈ E , and thus [X, T ] ∈ X ∩ E = 1, and hence T ⊆
CE (X) = V . Also, since V is central in N , it follows that T ⊆ Z(N), and hence {g2} is one of the at
most n classes of N that comprise the set S . In particular, if n = 1, then S = {g2}.
We argue next that if 1 < A ⊆ U and A  G , then g does not centralize A. Otherwise, C = 〈g〉 ⊆
CG(A)  G , and thus X = [X,C] ⊆ CG(A), which is not the case because 1 < A ⊆ U and CU (X) = 1. In
particular, since U > 1, it follows that [U ,C] = 1.
Now let t ∈ E , and observe that gt ∈ G − N , and thus (gt)2 ∈ S . We have (gt)2 = g2t gt = g2[t, g]
since E is abelian and t2 = 1. It follows by Lemma 4.2 that the entire coset g2[E,C] is contained
in S . If n = 1, then g2 is the only element in S , and hence [E,C] = 1, which is not the case. This
contradiction proves (c).
Now assume that n 3. Then the elements of the coset g2[E,C] lie in at most three classes of N ,
and since g2 is central, it follows that the elements of [E,C] lie in at most three classes of N . Suppose
now that A ⊆ E and B ⊆ E are normal subgroups of G such that A ∩ B = 1. We argue that C must
centralize at least one of A or B . Otherwise, we could choose nonidentity elements a ∈ [A,C] ⊆ A and
b ∈ [B,C] ⊆ B , and it would follow that two of the four elements of the set {1,a,b,ab} are conjugate
in N . Certainly, however, 1 is not conjugate to any of the other elements, and of the remaining three
members of this set, only a lies in A and only b lies in B , and since A and B are normal in N , neither a
nor b is conjugate to any other element of the set. This contradiction shows that C centralizes A
or B . In particular, since C does not centralize U , we see that if we take A = U and B = V , then C
centralizes V , and thus V ⊆ Z(G).
Continuing to assume that n 3, we argue next that the action of N/E on U is Frobenius. Other-
wise, there would exist a subgroup Y with E < Y ⊆ N such that CU (Y ) > 1. Since N/E centralizes V
and acts faithfully on E = U × V , it follows that N/E acts faithfully on U , and thus CU (Y ) < U . By
Fitting’s lemma applied to the action of Y /E on U , we can write U = A × B , where A = CU (Y ) and
B = [U , Y ]. Both A and B are nontrivial, and both are normal in G since U and Y are normal. By the
result of the previous paragraph, it follows that C centralizes one of A or B . This is a contradiction
since we saw previously that C cannot centralize a nontrivial normal subgroup of G contained in U .
It follows that the action of N/E on U is Frobenius, as claimed.
If 1 = x ∈ X , we argue that CU (g) ∩ CU (g)x = 1. To see this, suppose that u is an element of this
intersection, and note that since both g and gx centralize u, it follows that [g, x] = g−1gx central-
izes u. But [g, x] ∈ X , and [g, x] = 1 since the action of g on X is ﬁxed-point-free. Since the action
of X on U is Frobenius, it follows that u = 1, as claimed.
Since X > 1, there does exist a nonidentity element x ∈ X , and it follows from the result of the
previous paragraph that |CU (g)|2  |U |. By Lemma 4.2, this yields |[U ,C]| = |U |/|CU (g)|  |CU (g)|.
But [u, g] = u−1ug = uug is ﬁxed by g because g2 acts trivially on U , and it follows that [U ,C] ⊆
CU (g). We conclude that [U ,C] = CU (g) and |[U ,C]|2 = |U |. Also, [U ,C] ∩ [U ,C]x = 1 for 1 = x ∈ X ,
and since the conjugacy class in N of an element of U is exactly the X-orbit of that element, it
follows that no two distinct elements of [U ,C] can be conjugate in N .
We have seen that [U ,C]g2 ⊆ S , and thus since g2 is central, the elements of [U ,C] lie in at most
n  3 conjugacy classes of N . Since no two distinct elements of [U ,C] are conjugate in N , it follows
that this subgroup has at most three elements. But [U ,C] is a nontrivial 2-group, and we deduce
that |[U ,C]| = 2, so |U | = |[U ,C]|2 = 4, and hence |X | = 3 and U X is isomorphic to the alternating
group A4. Since N = U X × V and V is central in G , the proof is complete. 
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Proof of Theorem B. Here, G is a solvable (R)-group with respect to an index 2 subgroup N , and all
elements of the squareset are conjugate. Also, χ ∈ Irr(G) has degree 2m, where m is odd. We see by
Theorem 4.3(c) that G has a normal 2-complement R , and thus χR has an irreducible constituent θ
of degree m.
Now let g ∈ G − N . If g2 = 1, then all elements of G − N are involutions, and in that case N
is abelian and hence m = 1, and there is nothing further to prove. We can thus assume that g has
order 4, and we write C = 〈g〉, so C acts on R , and this action is ﬁxed-point-free. Let T ⊆ C be the
subgroup of order 2. All C-conjugates of θ are constituents of χR , and since χ(1) = 2θ(1), the C-orbit
of θ has at most two members, and it follows that T ﬁxes θ . By Theorem A, therefore, the square-free
part of m = θ(1) is not divisible by any prime p ≡ 3 mod 4. 
Proof of Theorem C. Again G is a solvable (R)-group with respect to N , and we are assuming that
the corresponding squareset consists of at most three classes. Following the notation of Theorem 4.3,
write R = O2′ (N) and E/R = O2(N/R), and let F/R = Φ(E/R). Then |N : E| 3 by Theorem 4.3, and
this establishes the ﬁrst assertion of Theorem C.
Now let θ ∈ Irr(N) be nonlinear, real valued and of odd degree. Complex conjugation permutes
the irreducible constituents of θR into orbits of size 1 or 2, and since θ(1) is odd, at least one (and
hence all) of those irreducible constituents must be real. But R has odd order, and hence the principal
character is the only real irreducible character of R , and it follows that R ⊆ ker(θ). Since G/R satisﬁes
the hypotheses of the theorem, we can replace G by G/R , and so we can assume that R = 1. Then
E = O2(N) and F = Φ(E).
By similar reasoning, one (and hence all) irreducible constituents of θE are real. Also, because θ has
odd degree, these constituents must be linear, and since they are real, each irreducible constituent λ
of θE satisﬁes λ2 = 1E , and thus F ⊆ ker(θ). We can thus replace G by G/F , so we can assume that E
is elementary abelian. Also, since θ is nonlinear, we have E < N , and we deduce by Theorem 4.3 that
N ∼= A4 × V , where V is an elementary abelian 2-group that is central in G . It follows that θ = α ×β ,
where α is the unique irreducible character of A4 of degree 3 and β is some linear character of V .
Then θ(1) = 3, and since α is unique and β is G-invariant, it follows that θ is G-invariant. 
5. Examples
First, we prove that under the hypotheses of Theorem A with |C | = 4, it is not possible to obtain a
stronger conclusion concerning the degrees of the T -invariant irreducible characters of K .
(5.1) Theorem. Let C be cyclic of order 4, and let T ⊆ C, be the subgroup of order 2. Then given any odd
positive integer m whose square-free part is divisible by no prime p ≡ 3 mod 4, there exists a group K acted
on ﬁxed-point-freely by C and such that K has a T -invariant irreducible character of degree m.
Proof. It suﬃces to prove the theorem in two cases: where m = p is a prime such that p ≡ 1 mod 4
and m = p2, where p is a prime such that p ≡ 3 mod 4. The theorem then follows by taking the
direct product of groups K constructed in these two special cases.
We can handle the two critical cases simultaneously by taking K to be the group of unitary upper-
triangular 3×3 matrices over the ﬁeld E , where |E| = p if p ≡ 1 mod 4, and |E| = p2, if p ≡ 3 mod 4.
Then E contains a primitive fourth root of unity i, and the map
[1 x z
0 1 y
0 0 1
]
→
[1 xi zi2
0 1 yi
0 0 1
]
is a ﬁxed-point-free automorphism of K of order 4. This deﬁnes a ﬁxed-point-free action of C on K .
Now T acts trivially on Z(K ), so if λ is a nonprincipal linear character of Z(K ), then λK has a
T -invariant irreducible constituent θ , and θ is nonlinear since Z(K ) = K ′ and λ is nonprincipal. Since
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follows that θ(1) = |E|, and this completes the proof. 
Next, we show that it is essential in Theorem A to consider only T -invariant irreducible characters
of K ; there are no restrictions on the degrees of other irreducible characters.
(5.2) Theorem. Let C be cyclic of order 4, and let m be an arbitrary odd positive integer. Then there exists a
group K acted on ﬁxed-point-freely by C , and such that K has an irreducible character of degree m.
Proof. It suﬃces to handle the case where m = p, a prime number. The general case then follows by
taking direct products, as in the proof of Theorem 5.1. Also, if p ≡ 1 mod 4, then Theorem 5.1 yields
the desired group, so we can assume that p ≡ 3 mod 4, and we let E be the ﬁeld of order p2. Let
K be the subgroup of the group of unitary upper-triangular 3 × 3 matrices deﬁned by requiring that
the (2,3)-entry should lie in the prime subﬁeld F ⊆ E . Then K is nonabelian of order p5, and the
subgroup consisting of those matrices where the (2,3)-entry is zero is abelian of order p4. It follows
that K has irreducible characters of degree p, and it suﬃces to show that K has a ﬁxed-point-free
automorphism of order 4. In fact, if i is a primitive fourth root of unity in E , then i2 ∈ F , and the map
[1 x z
0 1 y
0 0 1
]
→
[1 xi zi3
0 1 yi2
0 0 1
]
is a ﬁxed-point-free automorphism. This completes the proof. 
Finally, we mention that in the situation of Theorem C, it actually is possible for N to have a real-
valued irreducible character of degree 3. Also it is possible for G to have a real-valued irreducible
character of degree 6 that is induced from a (necessarily nonreal) degree 3 irreducible character of N .
To see this, let G be the semidirect product of the alternating group A4 acted on by a quaternion
group Q of order 8, where the kernel M of the action is cyclic of order 4 and Q = 〈M, g〉, where g
has order 4 and g acts on A4 like a transposition t ∈ S4. Then |G| = 96 and N = A4 × M has index 2.
We argue that every element of G − N has order 4. To see this, let x ∈ G − N and write x = gma,
where m ∈ M and a ∈ A4. Then
x2 = g2(ma)g(ma) = g2mgmata = g2ata,
where the last equality holds since g inverts m. Also, it is easy to check that as a runs over A4, the
elements ata run over the Klein subgroup K of A4, and thus the coset g2K is the squareset S . Since
every element of S has order 2, it follows that all elements of G − N have order 4, as claimed. Also,
g2 is central in G , and since K is a union of two classes of N , it follows the coset g2K = S is a union
of two classes.
Now N is the direct product of A4 with the cyclic group M of order 4, and thus N has 12 linear
characters and four irreducible characters of degree 3. Of these four nonlinear irreducible characters,
two are faithful, and these two characters are complex conjugates of each other. The other two irre-
ducible characters of degree 3 are real valued and have kernels equal to 〈g2〉. It is easy to see that
the two nonfaithful, real, degree 3 irreducible characters of N are G-invariant (as they must be by
Theorem C) and the other two, complex-conjugate, degree 3 irreducible characters are G-conjugate,
and so they induce a real, degree 6 irreducible character of G .
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